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Abstract. Let fi C K 2 be a bounded piecewise smooth domain and (p\ be a Neumann (or 
Dirichlet) eigenfunction with eigenvalue A 2 and nodal set N Vx — {x £ Q;(fx(x) — 0}. Let 
H C fi be an interior C u curve. Consider the intersection number 

n(\H) :=#(ffn^J. 

We first prove that for general piecewise-analytic domains, and under an appropriate "good- 
ness" condition on H (see Theorem If .1 p . 

n(X,H) = H (X) (*) 

as A — > oo. Then, using Theorem ll.fi we prove in Theorem If .21 that the bound in (*) is 
satisfied in the case of quantum ergodic (QE) sequences of interior eigenfunctions, provided 
f2 is convex and H has strictly positive geodesic curvature. 

1. Introduction 

Let O C I 2 be a real analytic, bounded planar domain with boundary dQ and H C Cl a 
real-analytic interior curve. We consider here the Neumann (or Dirichlet) eigenfunctions (fx 
on real analytic plane domains QcK 2 with 

— Aip\ = \ 2 fx in Q 

d u fx = (Neumann), ipx = Q (Dirichlet) on dQ. 

The nodal set of (p x is by definition 

N vx = {xen: f X (x) = 0}. 

Our main interest here involves estimating from above the number of intersection points of 
the nodal lines of Neumann eigenfunctions (the connected components of the nodal set) with 
a fixed analytic curve H contained in the interior of the domain Q. We define the intersection 
number for Dirichlet data along H by 

n(\,H)=#{N ipx nH}. (1) 

We recall from [TZJ that an interior curve H is said to be good provided for some Ao > 
there is a constant C = C(Xq) > such that for all A > Ao, 

\<Px\ 2 da > e~ cx . (2) 

H 
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Assuming the goodness condition (j2J), it is proved in [TZ] that 

n(X,H) = H (\). (3) 

It follows from unique continuation for the interior eigenfunctions and the potential layer 
formula ip\(x) = f dU N(x,r(s); \)(p\(s)da(s); x G int(O), that (j2J) is satisfied in the special 
case where H = dQ. The goodness property ([2]) seems very likely generic (see [BR]). However, 
it is difficult to prove in concrete examples that the same upper bound is satisfied for all 
eigenfunctions with A > A . Indeed, in |TZj . only the special curve dQ is shown to be good. 
Recently, Jung pu] has shown that in the boundaryless case, closed horocycles of hyperbolic 
surfaces of finite volume are good in the sense of and hence satisfy the 0(A) upper 
bounds. In the case of flat 2-torus, Bourgain and Rudnick [BRj have recently proved J$ A 
upper bounds when H is real-analytic with nowhere vanishing curvature (they also prove 

A 1_£ lower bounds in the case where H is real-analytic and non-geodesic). 

Despite these results, it is clear that not all curves are good in the sense of (j2J). As a 
counterexample, consider the Neumann problem in the unit disc. The eigenfunctions in 
polar variables (r, 9) G (0, 1] x [0, 2tc] are f e Z^ni r i ®) = C m , n cos mQJ m {j' mn r) and (p^f n (r, 6) = 
C mjri sin m9J m (j' mn r). Here, J m is the m-th integral Bessel function and j' mn is the m-th 
critical point of J m . The eigenvalues are A^ n = (j' mn ) 2 - Fix m G Z + and consider 

H m = {(r,6);6 = —; fc = 0, ...,m - 1}. 

m 

Then, clearly for any n = 0, 1, 2, ... <Pm?n\H m = an d so in particular H m is not good in the 
sense of (J2J). 

The point of this paper is twofold: 

(i) to weaken the goodness assumption needed for the Off (A) intersection bound (see 
Theorem II. Jj , 

(ii) to use the new goodness condition to explicitly identify a large class of interior 
analytic curves in ergodic billiards that satisfy the n(X,H) = Oh(X) intersection 
bounds for interior quantum ergodic (QE) sequences of eigenfunctions. That is the 
content of Theorem 11.21 

Moreover, for both Theorems 11.11 and 11.21 the n(A, H) upper bound is proved using the 
frequency function method of F.H. Lin combined with some semiclassical microlocal analy- 
sis, rather than the Jensen argument in [TZJ. Indeed, the revised goodness condition (see 
Theorem 11.11) that is needed for all our results follows here readily from the main frequency 
function bound for the number of complex zeros in a complex thickening of H. 

Our first main theorem is: 

Theorem 1.1. Let Q be a bounded, piecewise-analytic domain and H C Cl an interior, C w 
curve with restriction map 7# : C°(Q) — > C°(H). Let denote the complex radius e > 
Grauert tube containing H as its totally real submanifold and (jh'Px) be the holomorphic 
continuation of ■jufx to . Suppose the curve H satisfies the revised goodness condition 



sup \(j H Vxf(z)\>e- cx (*) 
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for some C > 0. Then, there is a constant Cq^h > such that for all A > Ao, 

n(X,H)<C n , H X. 

Our results here are inherently semiclassical and so we introduce the parameter h which 
takes values in the sequence Aj x ;j = 1,2,3,.... By a slight abuse of notation, we denote 
the Neumann (or Dirichlet) eigenfunctions <f\ by iph, and write n(h,H) := n(X,H). The 
restrictions to H are denoted by ip^ := ■jHfh where 7# : C°(fl) — > C°(H) is the restriction 
operator jjjf = f\n- In the special case where H = dQ we denote the Neumann (resp. 
Dirichlet) boundary traces by tpf : = "faaPh (resp. iff 1 := 7dnhd v tp h ). 

Our second results deals with the case of quantum ergodic sequences of eigenfunctions. We 
recall that given a piecewise smooth manifold Q with boundary, a sequence of L 2 -normalized 
eigenfunctions {fhj)T=i is quantum ergodic (QE) if for any a £ S°(T*Q) with 7r(supp(a)) C 
hit (ft), 

(Op h (a)cp h (p h } ~ h 0+ / a(x,£)dfi, 

Js*n 

where dfi is Liouville measure. By a theorem of Zelditch and Zworski [ZZJ, for a domain with 
ergodic billiards, a density-one subset of eigenfunctions are quantum ergodic. The domain 
Q is quantum uniquely ergodic (QUE) if all subsequences are QE. 

An important consequence of Theorem 11.11 concerns convex ergodic billiards. 

Theorem 1.2. Let Q be a bounded, piecewise- analytic convex domain with ergodic billiard 
flow and H be a C w interior curve with strictly positive geodesic curvature. Let (iphj )kLi be 
a QE sequence of Neumann or Dirichlet eigenfunctions in Q. Then, 

n(h Jkl H) = H , n (hJ h 1 ). 

Our nodal intersection bounds are consistent with S.T. Yau's famous conjecture on the 
Hausdorff measure of nodal sets [BGl [Dol [DFl lDF2l El [HLj, IHHE1 ESI E ED LY2] which 
asserts that for all smooth (M,g) there are constants c±,Ci > such that ciA < \N 9x \ < 
CiA, where | ■ | denotes Hausdorff measure. There has been important recent progress on 
polynomial lower bounds in Yau's conjecture using several methods (see [CM] . [He], [ManJ, 
[SZJ). Contrary to the lower bounds on nodal length, there are no general nontrivial lower 
bounds for the intersection count studied here which is easily seen by considering the disc (see 
also |JN] IN JT] INS] and related results on sparsity of nodal domains [Lew]). In analogy with 
the case of nodal domains, it is of interest to determine whether non-trivial (ie. polynomial 
in A) lower bounds exist for nodal intersections under appropriate dynamical assumptions 
(such as ergodicity) on the billiard dynamics. Recently, in |GRS] . Ghosh, Reznikov and 
Sarnak have established such polynomial lower bounds in the case of arithmetic surfaces. 
We hope to return to this question elsewhere. 

Throughtout the paper C > will denote a positive constant that can vary from line to 
line. 

1.1. Outline of the proof of Theorem 1.1. We now describe the main ideas in the proof 
of Theorem 11.11 suppressing for the moment some of the technicalities. Let q : [— n, tt] — > H be 
a C w -parametrization of the curve H with \q'(t) \ ^ for all t £ [— n, tt] and let r : [—tt, 7i]todQ 
be the arclength parametrization of the boundary. We denote the respective eigenfunction 
restrictions (on the parameter domain) by u^(t) = cp^(q(t)) and u® n (s) = <^f n (r(s)). As 
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in |TZ] . given the eigenfunction restriction, u^(t) = ip^(q(t)), t G [— ir, ir] the first step is 
to complexify to a holomorphic function u^' (t) with t G C £o where C £o is a simply- 
connected domain with C w boundary dC £o containing the rectangle S 6o1T in the parameter 
space. The reason for introducing the intermediate domain of holomorphy C £ot is somewhat 
technical and has to do with the frequency function approach to nodal estimates, which 
is adapted to counting complex zeros in discs (see Lemma 1375]) . Let n{h,C £a ) denotes the 
number of complex zeros of u^ ,c in the simply connected domain C £o . The key frequency 
function estimate (see Proposition 13.41) gives the upper bound 



n(h,H) < n(h,C £o ) < C x "„ Vc,, I • ( l > 

Here, we write L 2 o for L 2 (dC £o , da{t)) and Or is the unit tangential derivative along dC £o . A 
key step in the proof of Theorem 11.11 is to /i-microlocally decompose the right hand side in 
©. Let xr e C£°(T*dC £o ) with xr(<t) = 1 for \a\ < R + 1 and xr{?) = for |a| > R + 2 
with R > arbitrary. Clearly, 

\\d T uf C \\ Llo < \\d T Op h { X R)uf C \\ Lio + \\d T {l - Ph ( XR )K c \\ Llo . (5) 

For the first term on the right hand side of (j5]), since hdxOphixR) Oph(S 0,0 (T*dC £o )), we 
have by L 2 -boundedness that 

\\d T Op h {xR)u*' C \\ L 2 o _ \\hd T Op h (xR)uf C \\ L i o ^ n , x 

IK \\li IK \\ L 2 o 

As for the second term on the right hand side of (151), by using potential layer formulas and 
the Cauchy-Schwarz inequality combined with a complex contour deformation argument (see 
Proposition I4.2p . we show that 

\\hd T (l - Op h { XR ))u H h c \\ Vio = <D(e- c «/ h ) ■ \\4 n || L2 . (7) 

Here, Cr ^ R as R — > oo and L 2 , = L 2 ([—n, n], dt), so the term on the right hand side of (j7j) 
involves the L 2 -integral of the restriction of ip^ to the domain boundary dQ. 
Since IK^Hl 2 — 0{h~ a ) for some a > 0, it follows that 

\\hd T (l - Op h (x R )K C \\L* o = 0{e~ c «l h ). (8) 

From the Cauchy integral formula, Cauchy-Schwarz and the goodness condition (*) we get 

\\u H h c \\ Lio >C- sup \u H h c {t)\>e- c «' h . (9) 



From & and (El) 



\hd T (l — Op h (xR)u^ ,c \\ L 2 . „ 



K IUl 



By choosing i? sufficiently large in the radial frequency cutoff xn, we get that Cr — C ~ 
i? > and so, substitution of the estimates (jSJ), © and ffTUj) in (jl]) completes the proof of 
Theorem 11.11 □ 
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1.2. Outline of the proof of Theorem 1.2. Let H c (e ) be a complex Grauert tube of 
radius e > with totally-real part H and ( £o G C°°(H c (e ); [0, 1]) be a cutoff on the Grauert 
tube equal to 1 on the annulus H c (2e /3) — H c (e /3) and vanishing outside H c (5e /6) — 
H c (e /6). Let Xe B {t) '■= Ceo(? C (^)) be the corresponding cutoff in the parameter domain. 

Ignoring technicalities arising from corner points on the boundary, the main technical part 
of the proof of Theorem 11.21 (see Proposition 18. ip consists of showing that under the non- 
vanishing curvature condition on H and for e > small, there is an order-zero semiclassical 
pseudodifferential operator P(h) G Oph{C£j°(B*dQ)) and a subharmonic weight function 
S G C w (suppx Co ; K + ) such that 

h- 1/2 [ [ e- 2 ^| M f c (t)| 2 X£o (t)^^ 0+ (P(/,)^f,v,f). (11) 
Moreover, the principal symbol a(P(h)) satisfies 

/ a(P(/i)) 7 - 1 dyd V > C H>Q , Ea > (12) 
JB*an 

where 7(2/, f?) = a/1 — \f]\ 2 - 

Given a quantum ergodic sequence ((p^ it follows that the boundary restrictions 

(v?f^ )kLi are themselves quantum ergodic in the sense that 

(P(/ i Vf,^fV^o+ / <y{P{h))r l dyd v . (13) 

JB*an 

It then follows from Oil). (IT2]) and (fT3"|l that 
IT 1 ' 2 [ [ e- 2S ^ h \u^ c (t)\ 2 Xeo (t)dtdt^ 0+ [ a(P(h)) 1 - 1 dyd V = C n ,H,e a >0. 

J JC/2ttZ JB*dn 

(14) 

From the lower bound in (CHI) , the revised goodness condition (*) must be satisfied and 
Theorem 11.21 then follows from Theorem 11.11 □ 

Remark: In f)13p we have used that for Dirichlet, interior QUE for domains implies QUE for 
the boundary traces ffp- This follows from Burq's proof of boundary quantum ergodicity 
[BuJ using the Rellich commuator argument (see also [HZ] for a different proof) . Similarily, 
for Neumann, the same is true as long as one uses test operators with symbols supported away 
from the tangential set to the boundary; in particular, our test operator P(h) in ffTTj) has 
this property. Neither statement is necessarily correct for the eigenfunction restrictions to a 
general interior curve H |TZ2j . An important point in this paper is that the nodal intersection 
count for an interior H is linked to QER for the boundary values of eigenfunctions ipf n (not 
the QER problem for H). Indeed, the identity (fTT|) directly links a weighted L 2 -integral of 
the holomorphic eigenfunction continuations over H to boundary QER. That part of the 
argument is quite technical and uses the curvature assumption on if in a crucial way (see 
section |8]) . 

Remark: Recently, Zelditch [Z] has obtained detailed results on the asymptotic distribution 
of complex zeros of cp h ' in the ergodic case when H is a geodesic. Although we do not 
pursue this here, the identity in (fH| can be used to derive asymptotic distribution results 
for complex zeros of <£>jf' C in the case where H has strictly positive geodesic curvature, but 
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only in an annular subdomain of H^ o away from the real curve H (ie. on the support of the 
cutoff Xe B )- At the moment, we do not know what the asymptotic distribution of the zeros 
of p 1 ^ ,c looks like in the entire Grauert tube Hf o when H is geodesically curved. We hope 
to return to this problem elsewhere. 

We thank Peter Sarnak and Steve Zelditch for helpful comments regarding an earlier 
version of the manuscript. 

2. Analytic continuation of eigenfunctions and domains 

2.1. Complexification of domains Q and their boundaries 90. We adopt notation 
that is similar to that of Garabedian [G] and Millar |M1[ IM2j (see also |TZj ) and denote 
points in R 2 by (x, y) and complex coordinates in C 2 by (z, to). It is also important to single 
out the independent complex coordinates ( = z + iw,(* — z — iw. When H C Vt and dVt 
are real analytic curves, their complexifications are the images of analytic continuations of 
real analytic parameterizations. There are two natural parameter spaces and, as in [TZ], we 
freely work with both throughout. We define the parameter strip of width 2e$ to be 

S £o = {t G C : t = Ret + ilmt,t G R,lmt G [-e , £«,]}. 

The corresponding fundamental rectangular domain is 

S £oi n = {t G C : t = Ret + ilmt, Ret G [—it, 7r], hat G [— e , e Q ]}. 

For e > small, the associated conformal map of S eoj7T onto Hf o is 

g c : S £ ^ -> Hi 

q C (t) = (qf(t),q%(t))- 

Without loss of generality, we assume that H is a closed curve with \q'(t)\ ^ for all 
t G [— 7T, 71"]. In addition, we assume throughout that the real-analytic parametrization q : 
[— 7r, 7r] — > H with q{t + 2ir) = q(t) extends to a conformal map q c : S2 £o ,2-k -f^2e with 
q c (t + 2tt) = q c (t). One can also naturally parameterize using functions on annular 
domains in C of the form 

A £o := {z G C;e~ £ ° < \z\ < e £ °}. 
In terms of the conformal map 

z '■ Se ,n ^ A £o , z(t) = e lt , 

given any holomorphic function / G 0(S £oi7T ) there is a unique holomorphic F G 0(A £o ) 
with 

f(t) = F(z(t)) = F(e^). 
The conformal parametrizing map q c : S £o>7T — > Hf a induces a conformal parametrizing map 
Q c : A £o — > with q c (t) = Q c (e lt ). We use the two maps interchangeably throughout. 
Generally, upper case letters denote parametrization maps from the annulus A £o and lower 
case ones denote maps form the rectangle S £oi7T . In view of the potential layer formulas and 
the boundary conditions, the boundary curve dfl has special significance. Without loss 
of generality, we let r : [—7T, it] — > dQ be the real analytic arclength parametrization of 
the boundary with r(t + 27r) = r(t) and |r'(t)| = 1 for all t G [— 7r,7r]. The corresponding 
holomorphic continuation is r c : S £oj7T — > 9Qf o with r c (t) = R (z(t)). 
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In addition, we let C £o be a simply-connected domain bounded by a closed real-analytic 
curve dC £ with 

& o 



[-7r,7r]CS' £0)7r Cc' Eo C ( s' 2Eo!27r) (15) 

and 

min \z — f— 7T, 7rl| > — and max \lmz\ < — -. 

zedc £o nR 2 z&dc Eo 4 

The interval [— ir, it] is just the totally real slice of the complex parameter rectangle S £oi7T 
which is contained in C £a . By possibly shrinking e Q > we assume from now on that the 
eigenfunction restrictions extend to 27r-real periodic holomorphic functions u h ' on the larger 
rectangles 5 2eoj27 r- 

2.1.1. Holomorphic continuation of the restricted eigenf unctions. Let G : H~ 2 (M. 2 ) — >■ L 2 (R 2 ) 
be the fundamental solution of the Helmholtz equation in R 2 with Schwartz kernel 



G(x,y,x',y',h) = -HaJ 1 ^ 1 \(x,y) - (x',y')\), 



where 



Ha«(z) = [ ^(1 - t?-)""^, Rez > 0. (16) 



An application of Green's theorem yields the following potential layer formula for the Neu- 
mann eigenfunctions 

<Ph(x, y) = J d Us G(x, y; r(s), h) <p h (r(s))da(s), (17) 
an 

where (x,y) G Cl and v s G Sqq(Q) is the unit external normal to the boundary at r(s) G dQ. 
We denote the kernel of the potential layer operator in (ITTj) by 

N(x, y; r(s), h) := d„.G(x, y; r(s), h) = -h^U^ih^Kx, y) - r(s)\) cos6((x, y),r(s)) (18) 



where 



, (x, y) — r(s) 

cos0((x,y),r(s)) = ( r 7-Tv Vl 

■ \{x,y) -r(s)\ 



and the corresponding operator by N(h) : C°°(9fi) — > C°°(Cl). 

To understand holomorphic continuation of eigenfunctions, one starts with the singularity 
decomposition of the kernel G(x,y;r(s),h). It is well-known that 

G(x,y;r(s),h) = A(h- l \(x,y) -r(s)\)\og(- 1 ) + B^Kx, y) - r{s)\) (19) 

\\{x,y)-r(s)\J 

where A(z) and B(z) are entire functions of z 2 G C and each of them have elementary 
expressions in terms of Bessel functions (see |TZ] appendix A). A(z) is the Riemann function 

We identify (x,y) G IR 2 with x + iy G C, and introduce the notation p(x + iy,r(t)) = 



x + iy — r(t)) ■ (x — iy — r(t)) where z yfz is the positive square-root function with 
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VRe z > when Rez > 0. Substitution of ( TT9l) in ( fl7l) implies that for G Cl and with 

:= d Us , 

<fh(x, y)=~ \ I (^/ 1 (r(s))^A(/i" 1 p) log(p 2 ) dr(s) 
A Jan 

~\ I Mr(s))A(h- 1 p)d u \og(p 2 )dr(s)+ [ d v B{h~ l p) Vh {r{s)) dr(s). (20) 
* Jan Jan 

The holomorphic continuation of the third integral is the easiest to describe since there is a 
real analytic F G C W (1R, R) with entire extension F c G (9(C) satisfying 

d u B(h- 1 p) = d v F(h- 2 p 2 ) (21) 

and the same is true for the normal derivative d u A(h~ 1 p) of the Riemann function. In 
view of (1211) . the last integral in ( 120]) has a biholmorphic extension to Q c := {(z,w) G 
C 2 ;Rez + iRew G Cl}. 

In contrast, the first two integrals both turn out to have fairly subtle analytic continuations 
over Q in C 2 that rely heavily on analytic continuation of the eigenfunction boundary traces 
QTZJ Appendix 9). However, we need only consider holomorphic continuation over a strictly 
interior curve H C Cl here. Thus, to describe the holomorphic continuation of the first 
integral on the right hand side of fj20|) it suffices to assume that x + iy G Cl is far from the 
boundary with \x + iy — r\ 2 > As 2 > 0, where e Q < dist(if, dQ). When max(|Im |Im2;|) < 
s , it follows by Taylor expansion that 

\p 2 {z + iw,r) — \~Rez + iRew — r\ 2 \ < max(|Imw|, |Im0|)||Re3 + iRew — r|. 

Thus, Rep 2 (z + iw, r) > e 2 and (s, Rez, Re?/;) log(p 2 (Re z, Re w, s)) has a biholomorphic 
continuation in the (Re z, Re w) variables to 

[Q-dQ 2 eo} C {^o) = {{z,w) G Q c ; min \Rez+iRew-r\ > 2e , \lmz\ < e , \lmw\ < s }. (22) 

The same is true for d v A(p) and consequently, for the integral. By the same argument, 
the funcrtion (s, Rez, Rew) h-> d Ua p 2 (Re z, Re w, s) also biholomorphically continues in the 
(Rez, Re w)-variables to [fl — dQ2e ] C ( £ o)- Consequently, so does the second integral on the 

RHS of fl2DD- 

Restriction of the outgoing variables, (x, y) to (qi(s), (72 (s)) G H in fl20|) yields the integral 
equation 

N(h)<fF = <Ph- (23) 
From now on, we will refer to e > as the modulus of analyticity. In light of the potential 
layer formula (1231) for the Neumann eigenfunctions, it is useful to compare eigenfunction re- 
strictions to dQ with restrictions to H C Cl and similarly, for the holomorphic continuations. 
For the restrictions of the Neumann eigenfunctions pulled-back to the parameter domain, 
we continue to write 

< n (t) = V 9 h n (n(t),r 2 (t)), u*(t) = <p«( qi (t), q2 (t)); t G [-tt.tt] (24) 

with r(t) = n(t) + ir 2 (t) G d£l and q(t) = q^t) + iq 2 (t) G H. 

Proposition 2.1. Suppose that H c Cl is real analytic and let dist(H,dCl) = 
min( st ) e [_ 7I - i7r ]2 \q(t) — r(s)\. Assume that q(t) has a holomorphic continuation to 1(5) = 
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[— 7r,7r] ± [—5,5]. Then the restriction of the Neumann eigenf unctions has a holomor- 
phic continuation u h ' (t) to the strip SWo^tt with 

^ dist(H, ffl) 

sup telH{s) \d t q c (t)\' 

Moreover, in the strip S^^m the continuation is given by complexified potential layer equa- 
tion 

N c {h)<fi> = <p*> c , (25) 
where N c (h) is the operator with Schwartz kernel N c (q c (t),r(s), h) holomorphically contin- 
ued in the outgoing t-variables, and <p?' the holomorphic continuation of ip^ to . 



Proof. The proposition follows from the above analytic continuation argument for (1201) and 
( |23l) since by f l22|) the holomorphically continue to the set {t G C; min re gn \q(Ret) — r\ > 
2e Q , |Img c (t)| < e Q }. The formula in (|25p follows from uniqueness of analytic continuation 
and the fact that, by the above analysis of (j2"0]h for ( = q c (t) e H 2£o ,2n, 

□ 

3. The frequency function and measure of the nodal set 

We first recall the definition of the frequency function with an important application due 
to F.H. Lin [L] for estimating measures of nodal sets. We are interested here in the planar 
case of holomorphic functions. In general, the frequency function for harmonic functions in 
arbitrary dimensions is defined as follows 

Definition 3.1. Let Au = with A = YTj=i^x the standard Laplacian in R n . The 
frequency function of the harmonic function u in the unit ball B\ C M n is defined to be 



Fu) 



I 

dBi 



U 



2 



When the context is clear, we suppress the dependence of F on u and just write F for the 
frequency function. In the planar case, any non-zero holomorphic function f(z) in the disc 
Bx = {z £ C;\z\ < 1}, has a decomposition of the form / = u + iv where u, v are harmonic 
conjugates and so, since d z f = d x u + id x v, in analogy with the harmonic case in Definition 
I3.lt one defines the frequency function to be 

p JJ Bl \d z f(z)\ 2 dzdz 



I \m\ 2 da(z) 



(26) 



An elementary but useful example to keep in mind is the monomial f(z) = z k = r k e ktB ; k 6 
Z + . In this case, one easily computes the frequency function to be k 2 r 2k ~ 1 dr — k/2, where 
k is the degree of the polynomial z k . By Green's formula, the analogous result is easily 
verified for arbitrary homogeneous harmonic polynomials in any dimension. The following 
result, proved by Lin [L] using Taylor expansion, and by Han [H] using Rouche's theorem 
is an important generalization of the polynomial case to arbitrary non-zero holomorphic 
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functions. We recall the result here and refer the reader to [H] for a proof (see also the 
upcoming book of Han and Lin |HL] ) . The key result that estimates the number of complex 
zeros of f(z) in the disc Bi is given by 

THEOREM 3.2. [HllLl lHLj Let f(z) be a non-zero analytic function in B\ = {z G C : \z\ < 1}. 

Then, for some universal 8 G (0, 1), 

#{r 1 (0)n J B4<2F, 

where F is defined to be the ratio in 



It is useful here to rewrite the frequency function F in fl26l) exclusively in terms of integrals 
over the circular disc boundary dB\. 

Lemma 3.3. Let f : B\ — Y C he non-zero holomorphic. Then, 

p < WefWL^dBi) 

~ 11/11x2(5^) 

where do = xd y — yd x is the unit tangential derivative along the circular boundary dBi of the 
disc. 

Proof. The proof follows from Green's formula and an application of Cauchy-Schwarz. For 
z = x + iy = (x, y) G B\ we write f(z) = Re f(x, y) +ilmf(x, y), where Re f(x, y), lmf(x, y) 
are real- valued harmonic functions. 

Since / is analytic, d z f = d x Re f — id y Re f, and so, 

\d z f\ 2 = (d x Ref) 2 + (dyReff = |V(Re/)| 2 . 

An application of Green's theorem implies that 

JJ\d z f(z)\ 2 dzdz =JJ\V(Ref)\ 2 dxdy 

Bi Bi 

= J Re f ■ d u (Re f) d6 - J J Re f ■ A(Re f)dxdy (27) 

dB 1 B 1 ^ ' 

= J Re/ -d u (Ref)d6, 

where, v is the outward pointing unit normal to dB\ and the last line follows since 
A(Re/) = in B v 

Next, we use the Cauchy-Riemann equations written in polar coordinates (r, 9) G 1R + x 
[0, 27r) to rewrite the normal derivative term on the right hand side of the last line in (l27j) 
in terms of a tangential one. 

d v Ref\ dBl = d r Ref\ r=1 = ^Im/| r= i. (28) 

Hence, it follows from (j28j) and ([271) that 

J J \d z f(z)\ 2 dzdz= J Ref-d e (lmf)d6. (29) 

Bi dB 1 

Finally, an application of Cauchy-Schwarz in (129]) gives 
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// \d z f{z)\ 2 dzdz < ||Re/|| L 2 (aBl) • \\d e (lm f)\\ L 2 (dBl) 

(30) 

< H/IU^aBi) • \\d e f\\mdB 1 )- 

□ 

3.0.2. Frequency functions for the holomorphic continuations of restricted eigenf unctions. 
We wish to estimate here the intersection number n(h, H) in terms of Lemma [3.31 

Proposition 3.4. LetH d(lbe aC w interior curve andC £o be a simply -connected, bounded 
domain in C containing the rectangle S £oj7T with real-analytic boundary dC £o and arclength 
parametrization t h-> K,(t) G dC £a . Then, for e > sufficiently small 

n(h,H)<C H , J\ * " £ ° . 

11%' IUi D 

Here, L 2 £ := L 2 (dC £o , \dt\) and 8t denotes the unit tangential derivative along dC £o with 
d T f(t) := 

Proof. Since C £o is a simply-connected bounded domain, by the Riemann mapping theorem 
there exists a conformal map 

k : B x -»- C £o , 

where I?i = {2; |z| < 1}. By Caratheodory, there is k G C°(i?i) with = univalent 
up to the boundary. Moreover, since dC £o is real-analytic, it follows from the Schwarz 
reflection principle that 

K G C U '(B 1 ). (31) 

Analogous results also hold for the inverse conformal map k^ 1 : C £o — > B\. Since k is 
conformal and satisfies (l3Tj) . it follows that the boundary restriction 

k\ dBl : dB t ->■ <9C £o 

is a C w -diffeomorphism. We define the composite function on B\ 

9 h \z) ■= v («(*)); * e B i- 

We apply theorem 13.21 to the holomorphic function g h ' in B\. We choose <5 G (0, 1) so that 
Cs := K>(Bg) D [— 7r, 7r]. We have that 

n(/i, if) = N Uh n [-7T, tt] < n c (/i, = #{t G C,; M ?' € (t) = 0} = #{t G B s ; g^ C {t) = 0}. 

(32) 

It follows by Theorem 13. 2\ Lemma 13.31 and ( 132]) that 

n(h,H) < 2 HC . (33) 

\\g h UHdB^ 

An application of the change of variables formula in ( 133]) with t = k(z) for z G dB\ proves 
the proposition. □ 
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4. Estimating the frequency function: /i-microlocal decomposition 



In view of Proposition I3.4[ we are left with showing that 

\\dTU H h > C \\ Llo 



I H,C\\ 



O a , H {h- x ). (34) 



To prove fl34"|) . we will need to h-microlocally decompose jdc £o u^' C where 7ac £o : 
C°(5 , 2eoi 27r) - > C°(dC £o ) is the restriction map. We briefly digress here to introduce the 
relevant h-pseudodifferential cutoff operators noting that dC £o is C^-diffeomorphic to the 
unit circle dB\. 



4.1. Semiclassical pseudodifFerential operators on tori. Let M n be compact manifold. 
The following semiclassical symbol spaces are standard |EZ] and will suffice for our purposes. 

Definition 4.1. We say that a e S^ m (T*M x [0,h )) if a G C°°(T*M; [0, h )) has an 
asymptotic expansion of the form a ~^o+ J2JLo a j( x iC)^ where 

\d^ aj (x,0\ < C a , p {l + (x,0 e T*M. 

The corresponding class of h-pseudodifferential operators Ah : C°°(M) — > C°°(M) have 
Schwartz kernels locally of the form 

A h {x, y) = (2nh)- n [ e i{x - y ^ )/h a(x, f ; h)d^ 

with a G Sj m (T*M; [0, ho)). We write Ah = Oph(a) for the operator with symbol a(x,£; h). 

Since dC £o is C^-diffeomorphic to a circle S 1 = IR/27rZ, it suffices here to consider h- 
pseudodifferential operators on tori and the latter operators can be conveniently described 
globally in terms of their action on Fourier coefficients. Given Ah G Oph{S 0,m (T*T n )) one 
can write the Schwartz kernel in the form 

A h (x,y) = (27r)- n e^ x -^ h a Tn (x,^h); (x, y) G [-7T, tt] b x [-tt, tt]" 

fe(7iZ) n 

where a T «(-,0 G C7°°(T n ) and 

\d^a Tn {x^)\<C a Al + \i\T- m 

where A^a T n(x; £i, £ n ) = a T n(x; £i + hfli, £ n + h(3 n ) — a T n(x; £i, £ n ) is the semiclas- 
sical iterated difference operator in the frequency coordinates. The converse also holds, so 
that the two realizations of h-pseudodifferential operators are equivalent (see |Ag, McJ for the 
homogeneous case where h = 1. The extension to the semiclassical setting is straightforward). 

We are interested here specifically in the h-pseudodifferential cutoffs Xh — Oph(x) G 
Op h {S°>-°°{T*dC eo )) where X e C °°(T* dC £o ). We naturally identify dC £o with M/2vrZ by 
using the periodic C u arclength parametrization 



K : [— 7r, 7r] — > <9C £o ; t i-> «;(£). 
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4.2. Semiclassical wave front sets of eigenfunction restrictions. Let H n ~ x C M n be 
any interior smooth hypersurface in a compact manifold with or without boundary. In this 
subsection, we do not make any analyticity assumptions on either H or the ambient manifold, 
M. Let u% := jH^h be the eigenfunction restriction where jh : f \-> f\ H , f g C°(H). Then, 
making a Fermi-coordinate decomposition in a collar neighbourhood of H, it is not hard to 
show that 

WF h {uf) C B*H = {(s, a) G T*H; \a\ g < 1}. (35) 

For Euclidean domains M — Q, (|35|) follows directly from potential layer formulas. For 
completeness and because of the importance of the localization of WFh(u^) in our argument, 
we sketch the proof of (1351) for planar domains, which is the case we are interested in here. 
The proof of ( l35i) uses the potential layer representations of eigenf unctions discussed in 
Subsection 12.1.11 in the planar case n = 2 restricted to the curve H. It is immediate from 
ffTTj) that 

uf (f ) = f N(q(t),r(s); h) u 9 h n (s)da(s). (36) 

J — IT 

Since H C £1 is interior, inf \q{t) — r(s)\ > C > and so, from (fT6|) it follows that 

t,s£[— 7T,7r] 

N(t, s; h) := N(q(t),r(s), h) = (2nhyh lh ~ llq{t) - r{s)l a(t, s; h) (37) 

where, 

k 

a (t, S ;h) = J2 s ) h] + 0{h k+1 ) 

j=0 

uniformly for all (q(t),r(s)) G H x dQ with cij G C°°([— 7r,7r] x [— 7r, 7r]). Similar uniform 
asymptotics hold for derivatives as well. 

Let x(0 £ Co°(^) De a cut-off function equal to zero when |£| > 2 and equal to 1 for 
|f | < 3/2 and let Op h (x) e Op h {S°>-°°{T*H; (0, h ])) be the microlocal cut-off with kernel 

Op fc (x)(*,0 = (2vr)- 2 e'^^xit); (W) e [-tt.tt] x [-tt.tt]. 

Then, from ( 136]) and f )37|) . it follows that 

Op h (l - X )<(t) = Op h (l - X )Nu 9 h n (t) 

= (2vr)- 2 f f e i[( *-*' )5+|(?( '' ) - r(s)l]//l (1 - X )(0 a(q(t'),r(s); h) uf?(s) ds dt! 

Since \d t iq(t')\ = 1, differentiation of the phase 

*(t,t',s;0 := (t-t')Z+\q{t')-r(s)\ 

in t' gives 



g(t') - r (s) 



d t ^(t,t',s;0\= -Z+(dt>q(t%f}-{ Hi) > |£| - 1 > -; when |£| > 



1 , , . 3 



2 ~ 2 



\q(t') — r(s) 

Since |f| > § when £ G suppx, repeated integration by parts in f, an application of 
Cauchy-Schwarz and using that ||wf n ||i2 = 0(h~ l l 4 ) [BGTJ implies that sup t6 r 0j27r ] \Oph(l — 
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x(0) u h (t)\ = 0(h°°(^} °°) where (£) := a/1 + |£| 2 . The same argument for t-derivatives 
combined with the Sobolev lemma implies that for all k G Z + , 

\\0 Ph (l - x(0)<\\cHl-^]) = O^h 00 ®- 00 )- (38) 

The wavefront bound in (135]) is an immediate consequence of (]3Sj) since the cutoff function 
x(0 can be chosen with support arbitrarily close to |£| = 1 and the same argument gives 
(|38|) for any such cutoff. 

In the next section we improve the compactness result (|35l) under the real-analyticity 
assumption on (dfl, H) to show that in the h-microlocal decomposition §5§ the residual term 
||<9 T (1 - Op h {xn))u"' c \\ 2 eo = 0{e~ Co ^' h ) with appropriate C > and where xr e C °°(R) 
with supp xr C {£; |£| < R}. Hence, to get an asymptotic estimate for the frequency function 
of Ufr' c , it suffices to bound \\dTOph{xR) u h' C \\e an d the latter is C(/i _1 ||M H ' c || eo ) by standard 
L 2 -boundedness of the h-pseudodifferential operator hdrXh G Oph{S ~°°{T*dC £o )). 

4.3. The real analytic case. We now assume that H is real-analytic. As outlined in the 
previous section, our goal here is to improve the 0(h°°) -bound in fl38l to obtain exponential 
decay estimates for the residual mass term of the form ||Oph(l — x) u h' C \\Ll o — O(e~° ^ h ). In 
the following, using the parametrization [— 11,71} 3 1 1-> n(t), we identify dC £o with M/(27rZ) 
and so, Op h (l - x) ■ C°°(M/27rZ) -> C°°(R/27rZ). 

4.3.1. Holomorphic continuation of the N(t, s; h) -kernel. Given (z,w) G C 2 , consider the 
map z + iw > (z + iw)* = z — iw which is the holomorphic continuation to C 2 of the usual 
complex conjugation x + iy 1— >■ x — iy when (x,y) G M 2 . In the following, z h-> z 1 / 2 denotes 
the positive square root with — it < arg(z) < tt. 

In view of Proposition 12.11 it follows that for e > sufficiently small, the potential layer 
equation u^(t) = Nuf n (t) analytically continues to the equation 

«? ' c (0 = [NuP ] C (C); C e 5 2£o , 2 .. (39) 

In particular, we consider here the case where ( = n(t) G dC eo . 

For ( G U £o , where U £o := {( G S' 2eo 2?r ; max \z — C\ < ^f}, equation (I3"9"|) remains valid 

z£dC Eo 

and moreover, since 

Re [g c (0 -r(s)][g c (0* -^] > e 2 Q > when (C, s) G C/ £o X [-7r,7r], (40) 

the kernel 

iV c (g c (C),r(*U) = Ha« (h~ x ^l [qC(Q - r {s))} [q c {()* - ^{s))]j (41) 
is holomorphic for ( G U £o . By Proposition 12. 1[ we have 

<' C (C)= f N c (q c (0,r(s),h)4 n (s)da(s), (6^- (42) 

It follows from fj40|) . ( I4ip and the integral formula (ITS]) that the real WKB asymptotics for 
the N(t, s, /i)-kernel |HZ] ITZ] holomorphically continues in t to give the complex asymptotic 
formula 

N c (q c (0,r(s),h) = (27r/i)-ie^^ r W)/*a c (C l a;/i); (C,s) G C/ £o x [-7T,7t], (43) 
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k 



where, a c ((, s; h) J2T=o a k((> s ) h witn a k(-, s) G 0(U £o ) and 

p c (g c (C),r( S )) = yJ[<f(0-r(s)][<f{Cy (C, «) G ^ X hM- 
In particular, for £ = K,(t) G <9C £o , we have 

%' C (^W) = r iV c (« c («(*)),r(*),h)«g n OOda(a), f G [-7r,vr], (44) 



where N c (q c (n(t)) , r(s), h) satisfies the asymptotics in ( 1431) . Since we compute in the 
parametrization variables (t, s) G [— 7r,7r], to simplify notation we define 

N c (t, s, h) := N c (q c (K(t)),r(s), h); (t, s) G [-tt, tt] x [-tt, tt]. (45) 

4.3.2. Estimating the residual kernel [Oph(l — x)-^ C ](£, s; /i). Let x G (7g°(R) be a cutoff 
with x(0 = when 

1^1 > 20s- 1 sup \p c (q c (C),r(s))\ 

(C,s)et/ £o x[-7r,7r] 

and x(0 = 1 when 

< 10s- 1 sup \p c (q c (0,r(s))\. 

(C,s)et/ eo x[-7T,7r] 

In this section we prove 

Proposition 4.2. Let H a Vt be C u interior curve with dist(#, dti) < 5(e ) and dC £o be a 
curve satisfying [T5\) . Then, assuming 5(eo) > is sufficiently small and k G Z + , there is a 
constant Ck(e a ) > such that for h G (0, h(e )], 

|| [Op h (l - x)N € }(; •; h) Wchi-^m-,,,]) = 0( e -°^°» h ). 

Proof. In light of the complexified potential layer formula in f j42l) , we substitute the complex 
WKB asymptotics for N c (q c ((),r(s), h) in (T4"3l and use the Cauchy integral formula to 
deform contours of integration. 
From (fl"2"j) and (|4"3"j) . one gets that 

[O^(l- X )AT C ](M,/0 

(46) 

Consider the complex phase 

* c (m', S ) := (t-oe+pVKO),^)). 

For simplicity, write p c (t',s) for p c (q c (K(t ; )),r(s)). Consider for £ G KL the deformed 
contour 

^(*')=*'-i§sgn(£). (47) 
where (t,t',s) G [— n,n] 3 . The deformed phase function 

s) = * (*, f - *y sgn(0, s) = (f - t')e + iy 1^1 + *)• (48) 
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Since |£| > lOe^ 1 sup \p c (q c (£),r(s))\ when £ G supp(l — x), it follows from ( 14B1) 

(C,s)el/ eo x[-7r,7r] 

that 

lm^(t,^(t'),s) >4 sup |p C (g C (C),r( S ))|>£ (49) 

(C,s)eC/ eo x[-7r,7r] 

uniformly for (t,t',s) G [— 7r,7r] 3 . Moreover, for |£| ^> 1 it also follows from (148]) that 

Im«r(t,a; e (0,*) = y|^H-O(l)> jl^l- (50) 
Using Cauchy's theorem, we deform the t'-contour of integration in ( l4"6r) to get 
[Op h (l-X)# c ](t,s,/0 

(51) 

= (2vr)- 2 £ fefcZ e^^OA (1 - x)(0 a c (« c (^(f )), r(s); fc) df 

where the imaginary part of the deformed phase function ty(t, u}^(t'), s) satisfies ( )49|) . It 
follows from (l4"9"j) and ( 150]) that for appropriate C(e ) <; e , 

IWl-x)^^)!^-^ x f E^'j =0(e"^). (52) 

The argument for the higher C fc -norms is basically the same since the complex phase func- 
tion ^ c (t,t',s) is unchanged. The derivatives df and <9f just create additional polynomial 
powers in h~ l in the amplitude a c (-, •; /i). 

□ 

Remark: For future reference (see proof of Theorem 11.11 below), we note that when \R £ 
C§°(M) with xa(0 = 1 for |f | < R and supp xr C {£; |£| < 2i?}, it is clear from (JSOJ) that 

||Opa(1 - Xr)N c (; ^Ho* = CMe-^ 1 ), (53) 
where Ch(£ ) ^ i? as i? — >■ oo. 



5. Proof of Theorem 1.1 

Proof. Let Xi? G C^°(1R; [0, 1]) be a frequency cutoff as in Proposition 14.21 with Xr{£) = 1 
for |£| < R and Xr(0 = for |£| > 2R. To simplify notation, in the following we continue 
to write L\ o = L 2 (dC £o ) (resp. L? = L 2 {\— ir, tt])) and the corresponding unit speed 
parameterizations are t h» /t(t) (resp. t h> g(t)). 

We recall that the basic frequency function estimate gives 

II I, a ff.Cn 
, iIOtUu l 2 

n(fe,g)<fe- l H ^ " Le ° 

11%' IU? D 

< ,- 1 / HQPfc(x«)Wi*f' C |k - Ph (xR))(hd T )u»' c \\ Lio 

— V II H.Cii ~"~ ||„,C II „ 

V IK Ui„ \\ U h,H\\Ll 
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From Proposition 14.21 and Cauchy-Schwarz, it follows that 

\\{l-Op h {XR))hd T u H h c \\ Lio _ ( e- 2 ^ \ 

II H.Cii U II H.Cn I ' V ' 

IK lk \\\ u h 

In the last line of fl54|) we have used that ||wf n ||.L 2 = 0{h~ a ) for a > (for example, Tataru's 
sharp bound gives a = 1/3). Since u^' c (t) is holomorphic for all t G S2 So ,2n, it follows from 
the Cauchy integral formula (see figure 1 ) and the Cauchy-Schwarz inequality that 



1 



sup \Ufr' C (t)\ < C 2 sup —t—z\ I I \k(s) — 1\ 2 dsdt) ■ \\u^' c \\ L 2 (55) 

= c(i)||^' c IU io . 

In (155]) we use that dC £o and [— n, n] are disjoint so that f(s,t) = \k(s) — G L 2 ([—n,n] x 
[— 7r,7r]). Substitution of fl55|) in (1541) then implies that 

||(1 - Op h {x R ))hd T uf C || L 2 / -o H (« ) gc \ -c fl ( E Q)+c 
= Ofe «• |K' || £ oo (Seoiw) J =C?(e * ), (56) 



11% ll£2 

since by assumption ||%^' C ||.L°°(s So ,,r) > e ^ f° r some Co > 0. Since Oph(xR)(hdT) G 
OphiS '' 00 ^*!!)), it follows by L° 2 -boundedness that 

The constant Cfi(£„) ^ i? as i? — >• oo, and so, the proof of Theorem 11.11 follows from (j5"5"|) 
and (15T|) . by choosing i? sufficiently large so that Cr(e ) — C > in (J3B}. □ 




^2e ,27T 



Figure 1. 



6. Proof of Theorem 1.2 
Proof. To prove Theorem ll.2[ we will need the following operator bound: 
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Proposition 6.1. Assume that f2 is a smooth convex bounded domain and the interior 

f < Imt < 2|2 



curve H is strictly convex and let Xe a £ C^(S Eo ^) with Xe (t) = 1 when y < Imt < 




and Xe (t) = when Imt > 2|a Iixi t < Then, for e a > sufficiently small, there is 
a plurisubharmonic weight function p G C u (supp Xs a ', ^ + ) and operators P{h) : C°°(dQ) — > 
C°°(dfl) with decomposition 

P(h) = h^Op h ( X g) + R(h), 

where xg £ C™(B*dQ) and 

e- 2 ^\u H h € {t)?XeMdtdt= <P(/0^fV- (58) 
Moreover, 

I xg(y,v) d ydv>c (tt,H,£ )>o 

J B*dfl 

and the remainder operator R(h) satisfies \\R(h) \\ l 2 ^l 2 = 0{h). 

The proof of Proposition 16.11 is rather technical and to avoid breaking the exposition at 
this point, we defer the proof to section [HJ Assuming Proposition 16.11 for the moment, as 
discussed in subsection ll.2[ the proof of Theorem 1 1 . 21 then follows readily from Theorem ll.il 
and Proposition 16.11 Indeed, from the Rellich commutator argument in [Buj it follows that 
quantum ergodicity of the interior eigenfunctions (ph implies that the boundary restrictions 
ipf n also have the analogous quantum ergodic restriction property in ( |T3{) . We note that 
the last statement is not necessarily true if one replaces dQ by an arbitrary interior curve, 
H. □ 

7. ASYMPTOTICS FOR THE COMPLEXIFIED POTENTIAL LAYER OPERATOR N C (ti) 

To simplify the writing somewhat, we assume throughout this section that dfl is smooth. 
The case of boundaries with corners is discussed in the final subsection [TT1 

Abusing notation somewhat we let p c (t,s) = p C (q C (t),r(s)) for (t, s) G S^^-k x [ — ^j 71 "] 
(see (H5|) ) and define the weight function 

S(t) := max Re [ip c (t,s)], (59) 

SE[— 7T,7r] 



one has the following 



LEMMA 7.1. For q c {t) G Hf o and with the weight function S(t) in / f5Pj) . there exist s) G 
0(S 2£o ,2^ C UJ (R/2nZ));j > 6 such that 

e- s(t)/h -N c (q c (t),r(s); h) = (2nh)- 1/2 exp ([ip c (t, s) - S(t)]/h) ^ b f (*> J +0{h N+1 ). 

(60) 

Proof. The lemma is an immediate consequence of Proposition 12.11 and (|43j) since 
-S(t) + Re (ip c (t, s)) < 0, (t, s) G S 2£o ^ x [-7T, tt]. 

□ 
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The main step in the proof of Proposition 16.11 is an analysis of the asymptotics of the 
composite operators P(h) : C°°(d£l) — > C°°(<9fi), where 

P(h) = [e- S/h x £o N c (h)]* ■ [e- s ' h X£o N c {h)]. 

For this, one needs a detailed analysis of the complex phase function on the right hand side 
of (!60|) . We begin with 

7.1. Asymptotic expansion of p c (t,s). Let Tjj(s) = d s q(s) be the unit tangent to H 
and uh{s) the unit outward normal to H. Throughout the paper, kh{s) denotes the scalar 
curvature of H. In the following, it will be useful to define the relative displacement vector 

ai t) + \ 9(Ret) -r(g) 
V ' ; \q{Ret)-r{s)\ 

From the Frenet-Serret formulas, we get that for 5 > small, the holomorphic continuation 
q c of the parametrization q of H satisfies for \lmt\ < 5, 

q c (Ret + ilmt) - r(s) = q(Ret) - r(s) + ilmtT H (Ret) - lK H (Ret)\Imt\ 2 v H (Ret) 

(61) 

-^{lmt) 3 [K' H {Ret)u H (Ret) - K 2 H (Ret)T H {Ret)) +C(|Imt| 4 ). 
Similarly, when \t — s\ < 5, one also has the expansion 

q c (Ret + ilmt) - q(s) = (Ret + ilmt - s)T H (s) + |ftij(s)(Ret + ilmt - s) 2 u H (s) 

(62) 

+IWh(s)vh(s) - k 2 h (s)T h (s)} (Ret + ilmt - s) 3 + 0(\Ret + ilmt - s| 4 ). 

Both f lBT]) and fl62|) will be useful at different points in our analysis; the former when deter- 
mining growth of functions in Imt and the latter when estimating joint growth in Ret — s 
and Imt. 

Let (, ) : C x C — > C be the standard complex bilinear extension of the Cartesian inner 
product on R x R. A direct computation using flBTl) gives 



Im p c (t,s) = (d(s,Ret),T H (Ret)) (Imt) - (^(/^(Ret)z/ H (Ret) - K 2 H (Ret)T H (Ret),d(s,Ret)) 
-±K H (Ret)(v H (Ret),d(s,Ret)) + |(rf(s, Ret), T H (Ret)) \q(Ret) - r(s)\- 2 
-||g(Ret) -r(s)|- 2 (d(s,Ret),T H (Ret)) 3 ) (Imt) 3 + C(|Imt| 5 ). 

(63) 

It follows that at a critical point s = s*(t) of Im p c (t, s) 

d s lmp c (t,s*(t))=0, (64) 

and when Imt ^ 0, we have 

(d s d(s*(t),Ret),T H (Ret)) + £>(|Imt| 2 ) = 0. (65) 
Moreover, when equation fl65l) is satisfied, we have 

Lemma 7.2. Let t e [— 7r,7r] + solve the critical point equation in (E3J). Then, for 

5 > sufficiently small, 

\(T H (Ret),d(s*(t),Ret)}\ = 1 + £>(|Imt| 2 ). 
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Proof. Carrying out the s-differentiation gives 

(d s d(s,Ret),T H (Ret)) = \q{Ret) - r{s)\- 1 (^(T dn {s),T H {Ret)) 

(66) 

-(Taa(s), d(s, Ret)) ■ (T H (Ret), d(s, Ret)) ) , 
where Tqq(s) = d s r(s) the unit tangent to dQ. 

Since \T H (Ret)\ = \Tqq(s)\ = \d(s,Ret)\ = 1, it follows from (166]) and the cosine law 
cos(#! + 9 2 ) = cos 9\ cos 9 2 — sin 9\ sin 9 2 that d s {d, T H ) = if and only if either 

(i) KTan(s),d(s,Re*))| = l 

or 

(ii) |(rff(Ret),d(s,Ret))| = 1. 
The identity (i) is never satisfied since H is by assumption an interior curve and dfl is convex, 
so it is supported by the tangent line at each point of the boundary. As a result, (ii) must 
hold and this finishes the proof. □ 

Given, its geometric significance, in view of Lemma \7. 21 it makes sense to single the points 
y = s(Ret) which solve the approximate critical point equation 

(T H {Ret),d(s{Ret),Ret)) = -1. (67) 

Geometrically, q(s(Ret)) £ dfl is the boundary intersection of the billiard trajectory in Q 
that tangentially glances H C Q at q(Ret). By convexity there are two such points on the 
boundary and the condition (d(s,Ret),T H (Ret)) = —1 uniquely specifies the point. 

Remark: In the next section, we improve the result in Lemma 17.21 and show that in fact 
\(T H (Ret), d(s(Ret), Ret))\ = l+0(|lmt| 4 ) which implies that the holomorphic continuation 
s(t) of the geometric solution of ( 1671) agrees to (9(|Imt| 5 )-error with the exact critical point 
s*(t) in ( 165|) . We then use this fact to determine the asymptotics of the weight S(t) to 
(9(|Imt| 5 )-accuracy. 

7.2. Glancing sets relative to H . We start by defining the glancing set relative to H. 
The real part of complex phase Reip c (t, s) attains a maximum at s = s(t) and as we show 
in (J7jJ below, modulo C(|Imt| 5 )-error terms, the weight function S(t) equals Reip c (t, s(t)). 
The points s(t) have a simple geometric characterization in terms of glancing sets relative 
to H, which we now describe. Unless specified otherwise, when t is complex we assume here 
that Imt > 0. 

Lemma 7.3. For fixed s £ [— 71, 71] let y(s) be a solution ofTjj(-) = —d(s, ■). Then, the map 
y : [— 7r,7r] — > [— 7r, 7r] defined by s ^ y(s) induces a real-analytic diffeomorphism o/M/27rZ 
(which we also denote by y). The inverse map will be denoted by y = s(Ret). 

Proof. The equation |(T#(Ret), d(s, Ret))| = 1 is equivalent to 

(u H (Ret),q(Ret)-r(s)) = (*). 

Unlike the defining equation in flBT|) . (*) has the advantage of being non-degenerate in 
Ret. Indeed, differentiating the left hand side of (*) with respect to Ret yields 

k h (Re t) (T H (Re t) , q (Re t) - r (s) ) + {v H (Re t ) , T H (Re t) ) = k h (Re t) (T H (Re t) , q (Re t) - r (s) ) 
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Evaluating the last expression on the right hand side at Ret = y(s), implies that 
I d Ret (vH(,~Ret),q(Ret) - r(s)) \ \R e t= y ( s ) 

(68) 

= K H {y{s)) \q(y(s)) - r(s)\ > mm p( z H K H (p) ■ dist(H,dtt) > 0, 

given that kh > 0. From (1681) . the implicit function theorem gives two analytic solution 
curves Ret \-> s±(Rei) solving (Tjj(Ret), d(s±(Ret), Ret) = ±1. Similarily, 

\d s (u H (Ret),q(Ret) - r(s)) | \n et =y(s) 

(69) 

= \(u H (Ret),T dn (s))\ > C(H,dn) > 0, 

since H is interior and Q is convex. Thus, there are two smooth solution curves s t— > y±(s) 
solving (TH(y±(s)),d(s,y±(s)) = ±1. We choose here y(s) = y~(s). In the case where 
Imt < 0, one chooses y(s) = y+{s). The mapping y : M/27rZ — > M/27rZ is clearly bijective 
due to the positive curvature of H. □ 

Definition 7.4. We define the glancing set relative to H for the billiard flow in Q to be 
the set 

S := {{r{s),q(Ret)) edttx H; T H (Ret) = -d{s,Ret)}. 

There are several elementary facts about E that will be needed later on when estimating 
the various /i-microlocal pieces of the iV c (/i)-operator in the course of proving Proposition 
18.11 The first observation is that in view of Lemma 17.31 

Z = {(r(s),q(y(s)))ednxH} (70) 

and (170|) is a C w -graph over dQ in the product manifold. Moreover, one also has the following 
useful fact: 

Lemma 7.5. Assume that H C Vt is an interior curve and that dVL is smooth and convex. 
Then, 

E C {(r(s),q(Ret)) G dQ x H\ d Rct d s p(s,Ret) = 0}. 
Proof. This follows from the formula 

d s c\ et p{s,Ret) = (d s d{s,Ret),T H {Ret)). 

□ 

We denote the canonical transformation induced by the diffeomorphism s H> t/(s) by 

(h ■ T*dtt ->• T*H, 

(71) 

(h(s,ct) = (y,ri); y = y(s),r] = d s y(s) V. 

7.3. Taylor expansion of p (t,s) around glancing points. Before analyzing the com- 
posite operator N c *(h)aN c (h) we collect here some alternative asymptotic formulas for the 
real and imaginary parts of p c (t, s) which are useful when \t — y(s) \ 1. 
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LEMMA 7.6. Let (t,y(s)) e ([— it, it] +i[^,S]) x [— tt,tt] where y : [— tt, tt] — > [— tt,tt] is the 
diffeomorphism in Lemma ^73, Then for \t — y{s)\ < 5 and 5 > sufficiently small, 

Rep c (t,s) = \q{y{s))-r{s)\-{Ret-y{s)) ( 1 + l-K 2 H (y(s))\lmt\ 2 ) + max 0(\Ret-y(s)\ a \lmt 

\ 2 J a+/3=4 

lmp c {t,s) = -Imt+ /tg y S ^ (Ret-y(g)) 2 Imt-^/t|(i/(g))(Imt) 3 +max e>(|Ret-?/(s)| 7 |Imt| 

2 6 7+5=5 

Proof. The lemma follows from the formula 

p C (t, s) = \q(y(s)) - r(s)\ - (t - y(s)) + i«£r(v(*))(* " + 0{\t - y(s)\*) 

This inturn is a consequence of the Taylor expansion for q c (t) — r(s) = q c (t) — q{y(s)) + 
q(y(s)) —r(s) around t = y(s) in ( 1621 using in addition the identities (d(s,y(s)),TH(y(s))) = 
-1 smd (d(s,y(s)),u H (y(s))) = 0. □ 

7.4. Weight function. We compute in this section the asymptotic formula for the weight 
function, S(t). 

Lemma 7.7. Let g c (t) e H C (S) - H c (S/2) with 5 > sufficiently small. Then, the weight 
function 

S(t) = Imt + -k 2 (Ret) (Imt) 3 + C(|Imt| 5 ), 
6 

Proof. We first consider the approximate critical point equation 

d s (T H (t),d(s,t)) = \lmt\ 4 . (72) 

When Imt = 0, ( |72l) has the solution s(Ret) := y _1 (Ret) in the notation of Lemma 
17.31 Under the assumption that kh > 0, 2 (Tff(Ret), d(s, Ret))| s=s (R e t) > ^ > and 
so, by the analytic implicit function theorem, for 5 > small, s(Ret) locally extends 
to a unique analytic s = s(t), t 6 [— 7r,7r] + solving ( 1721) . Substitute the iden- 

tity (d(s(Ret), Ret),Tff(Ret)) = — 1 + |Imt| 4 into the formula ( 163]) and also use that 
(z/ H (Ret),d(s(Ret),*)) = |Imt| 2 and d s (d,v H ) = -{d,T H ) {\ - (T H , d) 2 )~ 1/2 d s (T H , d) both 
of which follow from the fact that (vH,d) — a/1 — (T#, cf) 2 ). Since the last two terms in the 
(Imt) 3 -coeflicient on the right hand side of (|63|) cancel, one gets that 

<9 s Imp c (t,s)| s=sW = <9 s (T H (Ret),d(s,t)>U W (lmt + 0(|lmt| 3 ) +G(|Imt| 5 ) = (9(|Imt| 5 ). 

(73) 

Finally, we compare (1731 with exact critical point equation 

«9 s Im p c (s,t) = 0. (74) 

Let s = s*(t) be the locally unique analytic solution to (1741 with 5/2 < Imt < 5 and 5 > 
small. Then, again by the Taylor expansion in ( )63|) and the implicit function theorem, it 
follows that 

s(t) -s*(t) = C(|Imt| 4 ). (75) 

Upon substituting these bounds back in (|63|) it follows that all terms except the one involving 
^K 2 H (Ret) are absorbed into the (9(|Imt| 5 )-error and, in particular, 

Imp c (t, s*(t)) = -Imt- -k 2 (Ret) (Imt) 3 + £>(|Imt| 5 ) (76) 

6 
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and this gives the asymptotic formula for S(t) = max se [_ 7rj7r ](— lmp c (t, s)) to C(|Imt| 5 ) 
error. □ 

Remark: One can repeat the same kind of argument to determine the expansion of S(t) in 
Imt to arbitrary accuracy, but the terms rapidly become more cumbersome to compute. 

The value of the weight function (ie. the maximizer of — Im p c )is approximately attained 
when s = G [— 7r, it] (see (1751) ). This suggests that the main piece of the the N c (h) 

-operator (resp. N (h)aN (h) for any a G C^°(S2e ,2n) should come from (resp. £|F x 
E^J, where 

:= {(t,s) G S 2£o ^ x [-7r,7r];[t-y(s)| < e }. (77) 
We will call the e -complex glancing set relative to H in the parameter space {(t,s) G 
£2*0,2* x [-*">**]}• 

One of the first steps in the next section will be to show that the contribution to 
N c *(h)aN c (h) coming from the complement, {t G S2 £o ,2n', \y(s) ~ A > £ o} is of lower or- 
der in h in L 2 -norm then the contribution coming from the complex glancing set . This 
fact relies on some estimates for Imp which we collect here. Assume that |Imt| J$ e Q and 
that |Rei — y(s)\ > e . Then from (|6ip . it follows that with y = y(s), 

(q c (Ret + ilmt) - r(y), q c (Ret + ilmt) - r(y)) 

= \q{Ret) - q(y)\ 2 + 2ilmt(q{Ret) - r(y), T H (Ret)) + OQlmt 
+ {q(Ret) - q(y),q(y) - r(y)) + \q(y) -r(y)\ 2 . 
and so, taking square roots in (1751) gives 



2^ 



(7f 



|g(Ret) -r(j/)| 

= |Imt||(<%Ret),T#(Ret))| + 0(lmt 2 ) < —}—\Imt\ + 0(\lmt\ 



2^ 



(79) 



with C(e ) > 1. The last estimate in (1751) follows since |Ret — y(s)| ~ £ implies that 
\(d(y(s),Ret),T H (Ret))\ < ^ with C7(e ) > 1. 

8. Proof of Proposition 6.1 

In this section, we prove a somewhat more detailed version of Proposition IBTTl this amounts 
to a careful analysis of the conjugate operator N*(h)aN(h) : C°°(dQ) — > C°°(<9fi). This en- 
tails several complications; most important of which is that it is only an /i-pseudodifferential 
operator when /i-microlocalized away from the glancing set (in the boundary case these 
are the tangential directions to the boundary). In quantum ergodicity of quantum ergodic 
restriction, these sets do not affect the limiting asymptotics and are therefore ignored [TZ2J . 

However, here the situation is very different. We are actually interested in the complex- 
ified operator [e- s / h N c (h))*a[e- s / h N c (h)] : C°°(dQ) -> C°°(<9ft) where a G C?(H£ o ) is 
supported in the annulus / 3 — H^, 6 (see subsection II. 2p . In this case, it is precisely the 
glancing set £ that determines the leading operator asymptotics. To analyze this operator 
we will need to make a further /i-microlocal decomposition by splitting the complex near- 
glancing directions into the "near-real" and complimentary directions. Fortunately, the fact 



24 LAYAN EL-HAJJ AND JOHN A. TOTH 

that we are dealing with complex near-glancing sets (rather than real ones) actually simplifies 
the analysis of the microlocal complex e near-glancing piece of the N c (h)aN (/i)-operator, 
as long as the support of a G Cq°(H^ o ) lies outside an arbitrarily small neighbourhood of the 
real curve, H. The proof of the following Proposition essentially consists of carrying out the 
details of this /i-microlocalization. 

Proposition 8.1. Let H C £1 be a closed, strictly convex, interior real analytic curve. Let 
N c (q c , r; h) be the holomorphic extension of N(q,r; h) in the q variables to Hf o with the 
corresponding operator 

N c {h) : L 2 {dQ;ds) ->■ L 2 (Hf Q - e~^dtdt), 
where Hf o = {q c (t); \lmt\ < e Q }. Let a G C£°(iZ£) with 

suppa C {q c (t) G | < Imt < ^}. (80) 

Then for h G (0, h (e o )], and e > sufficiently small, there exists an associated symbol 
a g G C%°(B*dn) C S°>~°°{T*dQ x (0,h ]) such that 

h- 1/2 N c (h)*e- 2S/h aN c (h) = Op h (a g ) + R(h). 

For (s, a) G B*dVl, the symbol 

a g (s, a) = -^=a(Ret(s, a), lmt(s, cr)) n^(y(s)) |Imt(s, cr)| _1 7 2 (s, a), 

where, 7(s, cr) = a/1 — \c\ 2 and 

y(s) = Ret(s,a)(l + 0(\Imt(s,a)\)), 

a = -(d( S) y( S )),T 9n ( S )> + ^ (81) 

Moreover, the remainder satisfies 

\\R(h)\\LHdn ) ^mdn) = 0(h 1 / 2 ). 

Remark: Since | (d(s, y(s)), Tqq(s)) \ < 1, it follows from fjHTl) and the support assumptions 
on a(Ret,lmt) in flHDl that for e > small, ag G C^°(B*dfl) (ie. has support disjoint from 
the tangential set S*dQ). 

Proof. We first cutoff near the glancing point t = y(s) by introducing a cutoff function 
X G C^°(C) with x( z ) — 1 when \z\ < y and x( z ) — for \z\ > e . Here, e > is fixed 
but chosen arbitrarily small. We decompose the operator N c (h) in various stages. First, we 
write 

N c (h) = N?(h) + N%(h) + £(h) 

where, 

N?(t,s;h) = Ch- 1 e^' h xi\t-y{s)\) hQC 1 P € (t, s)), (82) 

and 

N^(t,s;h)=Ch- 1 e^/ h (l-x)(\t-y(s)\) b^C 1 p c (t, «)), (83) 

where b(t) has an asymptotic expansion in inverse powers of t as t — > oo, with leading 
term ~ t~ x l 2 and recall the the diffeomorphism y : [—it, n] — > [—it, n] is characterized by 
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the identity (T H (y(s)), d(s,y(s))) = -1. The operator S(h) : L 2 (dVt) ->■ L 2 (<9fi) satisfies 
||£(/i)||i2_>.£,2 = 0(h°°) and so is negligible. 

9. Analysis of N c (h)*e~ 2S/h aN c (h): Proof of Proposition 8.1 
From (j82p and fj83jl we make the decomposition 

iV c (/i)*aiV c (/i) = N£(h)*aN%(h) + Nf(h)*aN?(h) + N%{h)*aN?(h) + N^(h)*aN^(h). 

We first analyze the diagonal terms Nf(h)*aN^(h) and A^ 2 c (/i)*aA^'(/i) and use Cauchy- 
Schwarz to estimate the off-diagonal term N^(h)*aNi(h) with fc 7^ / at the end. 

9.1. Analysis of the A^ 2 c *(/i)aA* r 2 c (/i)-term: Reduction to the real case. This piece of 
N c (h)*e~ 2S / h aN c (h) is controlled by applying the a priori bound for the phase function 
in (179|) and integrating-out the imaginary Im t- variable. For future reference, we prove a 
slightly more general result for iVf* (/i)aA r 2 c (/i) than is needed in this paper. In particular, 
to control this part of the operator, we will simply assume that a G C^(Hf o ) (no annular 
support away from Imt = is needed). More precisely, we prove 

Lemma 9.1. Let D H be a sufficiently small complex tube containing H. Then, for 
h G (0, ho(s )] sufficiently small and any a G Cq°(H^ o ), 

\\N%{hye- 2S l h aN%{h)\\ L ^ L . = 0{h). 

In the above and throughout this section, L 2 := L 2 (dQ; dr). 

Proof. 



N^e- 2S ' h aN% 




(i-x)(\t-y'(s)\) (l - x)(\t - y(s)\) 



xa{q c {t), q c {t)) N c {t, s'; h) N c {t, s; h) e~ 2S{t)h dtdt, (84) 

we reduce the analysis of the kernel in fl84|) to the real case and then apply a Kuranishi 
change of variables argument to show that it is an /i-pseudodifferential operator of order 
— 1. We will make this reduction by carrying out the Im t- integration first in fl84"j) and then 
estimate the result by making a Taylor expansion and an integration by parts. 

Since we carry out the Imt-integral in ( I84p first, it is useful to identify the iterated integral 

I a (Ret,y,y';h):={l- X )(\t-y\) (1 - *)(|t - / N c (t,y>;h)N c (t,y;h) (85) 

J\Jmt\<e 

x a(q c (t),~qHf))e- 2S{t)/h dlmt. 

From the Hankel function formula for N c (h) in ffT8]) . for all (t,s) G SWo^tt x [-tt,^] 
with e > sufficiently small, \p c (t,s)\ > > 0. Consequently, the N^h) kernel has a 
WKB-type polyhomogeneous expansion of the form 

Nf(t, s; h) = b^e^l" (^y) " 2 (86) 
x „(«,.) j' 1 + 6l(i , s) ^ + 62(t , s )(_ E A_) 2 + ...] +0 (e^ ft »). 
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where, A(t, s) = (^sq(s), p c {t, s)) and bj(t, s);j = 1, 2, ... are holomorphic in the t-variable 
provided t e S , 2£oi27r . 



By Taylor expansion of the amplitude in ( 156]) centered at Imt = 0, 

(87) 



h \ ( h \ 1/2 L - . di mt p c (t, s)\i mt=0 , ^it^^n 



p c (t,s)J \\q(Ret)-r(s 



Substitution of the expansions fl86|) . (157]) and corresponding ones for N c (t,s';h) into (155]) 
shows that J a (Ret, s, s'; /i) has an expansion of the form: 

C h -2 e i{\ q (Ret)-r(s)\-\ q (Rct)-r(s>)\]/h f l?( Re *) ~ r ( g ) I ^ ^ / [g(gg *) ~ KgQ I \ ^ ^ 



x(l-x)(|*-y(s)|)a(g(Ret),g(Ret)) / e i<E,(M ' s ' )//l (1 + Cl (Ret, s, s'; fc)Imt ) tflmt 

•/|Imt|<e 

+ / e ivI/(M ' s ' )/?i C(|Imt| 2 )) cflmt, 

•/ |Imf|<£ 

where, the effective phase 

i#(t, s, s') := ip c (t, s) - ip c (t, s') - ip{Ret, s) + ip{Ret, s') - 2S{t). (89) 
In QBED, ci G C w (M 3 /(27rZ) 3 ) with c x ~ Y.t=o c ikh k and the 0(|lmt| 2 )-error is uniform in 

/ie(o,/io]. 

We split the (ilm t- integration in ( 1551) up into the pieces Jq 00 --- (resp. J_ OQ ---) and treat 
each case separately. Since the analysis is the same in either case, we continue to assume 
that Imt > here and will estimate the J °° ...<ilmt-piece. 

From the convexity of the boundary and the estimate ( 1791) . for < Imt < 2e with e > 
sufficiently small and min(|t — y\,\t — y'\) > 4f) there exists C(e ) > 1 such that 

|Re (ip c (t,y)-ip c fay > ))\< lm ' 



C{e ) 



From Lemma EH S(t) = Imt + C(|Imt| 3 ) and so for (t, s, s') G S £o w x Supp (1 — x){\y(') ~ 

t\)xSupp(i- x )(\y(-)-t\), 

l^M^y^')] > (l-C\e o )- 1 )>0, (90) 

where, the right hand side in ( 190]) is uniform in all variables and 1 < C'(e ) for e > 
sufficiently small. 

Next, we rescale the Imt- variable and put r = h~ 1 lmt. Then, from ( 190|) and the expansion 
in ( 1551) we get that e l ^^ s ^')l h (l + ci(Ret, s, s'; h)lmt) dlmt equals 

h f £ ° /h elbl (Ret,s,s>)T e J2^ 2bj (Ret,s,s')^h^ ( 1+Cl ( Ret> s? s ') T h+c 2 (Ret, s, s')r 2 h 2 + ...) dr. (91) 
Jo 

From dSJJ it follows that Im&i(Ret, s, s') > 1 - C"(£ ) -1 > in ((9TJ) and so by Taylor 
expansion of exp(^V >2 &j(Ret, s, s')r- J 7i :?_1 ) in (19T|) using the bound (e^ — X^jLo ffl — ^IvP ^ 
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follows that 

reo rea/h / N \ 

/ e w(netMt,s,s>)/h dlmt = h / j bl (Ret, s , s ')T j ^ ^ CjH (R e t, s, s')/iV j dr + 0(h N+1 ), 
J° J° \ 1=0 k<l ' 



where c fe ; G C w (R 3 /(2ttZ) 3 ) and c 00 = 1. 
Since Im&i > one computes for k < I 

r&{e )/h poo 

/ e ibl{T ' s ' s ' )T h k T l dr = / e ibliRet ' s ' s ' )T h k T l dT+0{e- C7/h ) = ~b kl {Ret,s,s')h k+l +0{e- C7/h ) 
Jo Jo 

(92) 

where b M G C w and C 7 > 0. From ([92]) it follows that 

N^*(h)e- 2S/h aN^(h)(s,s';h) = / e *^(H«M.-')/ft a (q(Ret), q(Ret)) (1 + ^ dj(Ret, s, s')h j ) 

J-oo j=1 

(93) 

x(l - x )(\Ret - y(s)\) (1 - X )(|Ret - ^Ret + O^^ 1 ), 

where, 

^(Ret, s, s') := |g(Ret) - r(s)\ - \q(Ret) - r(s')\. (94) 
As a consequence of ( 1931) . except for some innocuous amplitude terms, we have reduced 

the analysis of N2*(h)e~ 2S ^ h aN2(h)(y, y'; h) to the study of compositions of real single layer 

potentials with their adjoints (see [HZ]). 

We claim that f l93]) is the kernel of an /i-pseudodifferential operator of order —1. Indeed, 

since min(|?/(s) — Ret|, \y'(s) — Ret\) > y it is clear that ip G C°° and so, since ip(Ret, s, s) = 

0, by a first-order Taylor expansion, 

i[>(Ret, s, s') = (s - s') ■ 7](Ret, s, s'), (95) 

where, by Lemma [7.51 we know that for \y(s) — Ret\ > y, 

d Rct d s (\q(Ret)-r(s)\)>C 1 >0 

and so it follows by Taylor's theorem that for \s — s'\ < e Q with e Q > small enough, 

\d RetV (Ret,s,s')\ >C 2 >0. (96) 

Note that when \s — s'\ > e a , by convexity and the fact that min(|?/(s) — Ret\, \y'(s) — 
Ret|) > f >0, 

\d Rct (\q(Ret) -r(s)\ - \q{Ret) - r(s')\) \ = \d(s, Ret) - d{s', Ret)\ > C w > 0. (97) 

So, in the latter case, an integration by parts in Ret in (1931) shows that modulo O (h°°) -errors, 
one can insert the additional cutoff function Xs (\ s ~ s '\) — x( £ o 1 \ s ~ s '\) where e Q > is 
arbitrarily small. But then, one can apply the Jacobian estimate in (1961) to make the change 
of variables Ret i— > r](Ret; s, s') in fl93l) and get that 

N^{h)e- 2S/h aN^{h){s,s') 

As-s')v/h a(g(Re ^ TJ )) iq (n Bt (s,s',Tj))) (d ( S , S', T]) + dtis, S', T])h + ...) dj], 

with dj G C". Thus, Ng*(h)aN£(h) G Op^S' 1 '-°°(T*dQ)) and so by L 2 -boundedness, we 
are done. □ 
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Remark: In the special case of interest in Theorem 11.21 a(t) is supported in an annular 
subset of Hf a with supp a C -f^2e o / 3 — H^ /6- I n that case, it follows from the estimate in ([75]) 
that Lemma f97T1 can be improved and one gets that for appropriate C(e ) > and e > 
small, 

N^(h)*e~ 2S/h aN^(h)(s, s') = 0(e- c{ea)/h ) (98) 
uniformly for (s, s') G dfl x dfl. The same is true for partial derivatives. 



9.2. Estimate for Nf*{h)e~ 2S / h aNf{h): The dominant term. In contrast with the anal- 
ysis for N2* (h)e~ 2S l h aN2* (h) above, in this case we carry out the Re t-integration first. After 
decomposing the resulting integral into two further pieces (depending on whether |Rei— y(s)\ 
or |Imt| dominates when \t — y(s)\ < e Q ) and using the strict convexity of H C Q, we ap- 
ply the method of steepest descent to expand the Re t- integral. The remaining imaginary 
coordinate Imt then behaves roughly like a frequency variable in the oscillatory integral 
representation of an /i-pseudodifferential operator of order — | (here, we again use that H is 
strictly convex). 

We decompose the N^{h)*e~ 2S ^ h aNf{h) operator further as follows: Let x £ C^°(C) be 
a cutoff equal to 1 on a ball of radius 1/2 and zero outside the ball of radius 1. Also, 
to simplify the writing, we abuse notation and write a(t) for a(q c (t),q c (t)). We define the 
operators Nl l (h) and N 22 (h) with Schwartz kernels 

e -m)/ hN c (hrMa{t) ~ (15j^LiM) x (^^) Nfm, y ')dt<ft, 

(99) 
N 22 (h)(y, y] a) 

= 11 e- 2S ^(hny,t)a(t)(l-x)^^^ 

(100) 

and with mixed terms N\ 2 (h] a) and N 2l (h; a) defined in the obvious way so that 

N^(h)*e- 2S/h aNf(h) = N^Qi; a) + N 22 (h; a) + N\ 2 (h- a) + N 21 (h; a). 

Just as before, we control the mixed terms iVj 12 and Nf l using Cauchy Schwarz and the 
estimates for the diagonal terms, and it will suffice to analyze the diagonal terms iV-j 11 and 
N 22 . 

9.2.1. Analysis of the Nl l (h)-term: Reduction to normal form. Our aim here is to reduce 
the operator N^iK) by suitable change of variables in (Re£,Im£) to a normal form and 
then, by an application of analytic stationary phase ( [Holj Theorem 7.7.12), we show that 
the normal form operator is in Oph(S~ 1 l 2 ~ co (T*dVL)). 
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First, we recall the asymptotic formulas for Re and Im (i^>) where \I/ is the effective 
phase function in (189|) . From Lemma [7.61 

Re [M(t,s,s')] = - ^ (y(s)) (Ret-y(s)) 2 Imt+ max 0{\Ret - y(s)p\lmt\ s ) 

2 7+<5=4,i5>1 

- ^ (Ret - y(s')) 2 lmt + max £>(|Ret - y(s')r|Imt| 5 ). 

2 7+5=4, <5>1 

(101) 

In (110 II) we note that (see Lemma E7j) the terms ^K 2 H (y(s))(lmt) 3 + ^^(^(^(Irnt) 3 get 
cancelled by the cubic term in Imt term appearing in the expansion of S(t). Similarly, 

Im [i^f(t,s,s')] 

= \q(y(s)) - r(s)\ - (Ret - y(s)) (l + \n 2 H (y(s))\lmtA + ^M^l^et- y( S )) 3 



+ max 0(\Ret - y(s)\ a \lmtf) 

a+/3=4 

- \q(y(s')) - r(s')\ + (Ret - y(s')) (l + ^ 2 H (y(s'))\lmt\ 2 j - " (Ret - 

+ max 0(\Ret-y(s')\ a \lmtf). (102) 

a +j3=4 

Substitution of the identity (Tjj(y(s)), d(s, y(s))) = —1 and second-order Taylor expansion 
around y = y' in (11021) gives 

Im (z*(Ret; Imt, s, s')) =(y - y') {(T H (y(s)), d(s, y(s))) - (^ 2 /( S ))- 1 (T^( S ), d(s, y(s)))) 

+ {V- y') (l + ^|^|Imt| 2 + 0(|lmt| 3 )) +0(\y- y' 
= (y - y') {-d s y{s)- x (T dQ {s)i d(s, y(s))) 



/|2\ 



+ ^y g)) |Imt| 2 + G(|Imt| 3 )) + 0(\y - y 



= {s- s') ( -(Tan(s), d(s,y (*>))) + d 8 y(s) |Imt| 2 + 0(|Imt| 3 )J + 0{\s - s'^ 

(103) 

For the error term in (11031) . we have used the constraints max(|Ret — y(s)\, |Ret — y(s')\) = 
0(\lmt\) and also note that the 0(\y — y'\ 2 )-term appearing on the RHS of (11031) is indepen- 
dent of the t- variables since it arises for the second-order Taylor expansion of the real- valued 
function \q(y(s)) —r(s)\ around s = s'. 

9.3. Normal form for the phase function ity(t, s, s'). We now reduce the computation 
of the principal term Nl l (h) to a specific normal form by applying a series of changes of 
variables in the (Ret, Im t)-coordinates. Given (t,y(s)) G S £o , 7T x [— 7i,tt] we claim that near 
any point to G S £o ^ n with e > sufficiently small, one can find a locally a real- valued analytic 
function /(Ret, Imt) satisfying 

^(Retjmt) = Re [ ip c (t, /(Ret, Imt)) ]. (104) 
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with 

f(Ret,lmt) = Ret + 0(\lmt\). (105) 

To prove (I104p and also f 1 1 5 [) . consider the real analytic function g G C UJ (S £ot7T x [— tt, it]) 
defined by 

Reip c {t,y) 

9( t> v):= Imt • (106) 

We would like to solve 

d y g(t,y) = 0. (107) 
where, from the Taylor expansion in ( 1101 j) . we have the initial condition 

d y g{t,y)\Ret=y,lmt=0 = °- 

Thus, (11041) follows from the Implicit Function Theorem applied to ( 1107j> . since from f l 1 1 1) 
and the strict convexity of H, (ie. Kh > 0) we get that for e > sufficiently small, 

d 2 y 9(t,y) < -kUv) +0(sl) 

since |Ret — y(s)\ < e and |Imt| < e . So y(s) = fit) is a maximum for Rezp c (t, ■). By 
definition of S(t), it is clear that 

Re[W}(t,s,s')}<0. (108) 

Given (I104jl we also have for all t G S Eoj7r , 

Re [**(*;/(*),/(*))] = 0. (109) 

To simplify notation in ( I109[) and the following, we identify the complex variable t with 
the real 2-tuple (Ret, Imt) in the argument of The pair of coordinates (f(t),f(t)) 
occupy the (y, y') coordinate slots. By definition S(t) = max y£ i 0t 2 7 r]Reip c {t,y) so that 
d y Re [ip c it,y)]\ y= f(t) = 0. By differentiating ( 11091) in Ret it follows that for any t G S £ot7T , 

d Ret Rem(tJ(t)J(t)) = 0. (110) 

Since lmi^/(t, s, s) = 0, the identity dR et [Imi\l/](t, /(t), fit)) = is automatic and so, 

<W^](t;/(t),/(t)) = 0. (Ill) 

Since i^(t, s, s') G C w (5 eoi ^ x M 2 /(2ttZ) 2 ) and H C is strictly convex, from (fTOljl . 

I3L(«0I > [«lr(l/00) + Ml + 0(d|lmt|) > C(e )|Imt|, 

where C(e ) > with e > sufficiently small. Differentiating ( IllOp yet again in Ret gives 

d 2 Ret Re [im, fH), fit)) + 2 c^ t Re [z*](t, f(t), f(t)) ■ d Rct f(t) = 0. (112) 

In view of the Taylor expansion (jlOip . this simplifies to 

2/t // (Ret) 2 |Imt| + C(|Ret - /(t)||Imt|) + C(|Imt| 2 ) - 2/^(Ret) 2 |Imt| • d Rct f(t) = 0. 

By dividing the last equation through by K//(Ret) 2 Imt, and solving for d Ret f, one gets that 
f{t) = Ret + e>(|Imt|). By the same identity, 



d Ret f(t) = l + 0(\lmt\). 



(113) 
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Given (I113j) . we make the change of variables (Ret, Imt) h- >■ (/(t),Imt) in the tubular 
parameter domain Sst eo ),2w with 5(e ) > sufficiently small. To reduce to normal form for 
ity we define the new variable 

n(Ret,Imt) = f(t) = Ret(l + OQmt)), 

aae t ri = l + 0(lmt). (114) 
The complimentary variable r 2 is defined by writing 

lmm(t } s,s') = (y-y')-r 2 , (115) 
where from f |103[) we know that 

r 2 = -(T 9n ( S ), d( s , y( s ))> + rf.y( 3 ) *^ (a)) |Imt| 2 + 0(|lmt| 3 ), 
«9i m4 r 2 = d s y(s) K 2 H (y)lmt + 0(|lmt| 2 ), (116) 

since the last error term in ( \103\\ is independent of the t-variables. From (11 14ft and ( 11151) 
we derive the following normal form for the phase function i^>. By possibly shrinking e > 
and to simplify notation, we simply put S(e ) = e Q with the understanding that e a > is to 
be taken sufficiently small. 

Lemma 9.2. In terms of the new coordinates (ti,T2) in Hf o defined in \11J$ and $115\) . it 
follows that the real part 

Re m(t(n, r 2 ); s, s') = -a(n, r 2 ) [\y{s) - n\ 2 + \y(s') - n\ 2 + 0(|y( S ) - n| 3 ) + \y(s') - n| 3 )] , 
w/jere, a(r 1 ,T 2 ) = [K 2 H (t(T l7 T 2 )) + 0(e )}lmt. 
The imaginary part 

Im [M](t(T 1 ,T 2 y,a,s') = (y-y')r 2 , 

where, 

r 2 (t( n , r 2 ); a, s') = -d^s)-^^), d(y(s), s)) + ^|^|Imt| 2 + 0(\lmt\ 3 ) + 0(\s - s'\). 

Proof. The formula for Re (i^f) follows from the Taylor expansion in (11011) plus the formula 
for the second derivative in f 1 1 1 2 j) . The formula for Im (i\&) inturn follows from fl 1 3 [) . □ 

From Lemma 19.21 it follows that 

d lmt r 2 = K 2 (y)lmt + 0(\lmt\ 2 ). (117) 

So, since a(t) G C£°({t; y < |Imt| < %■}) it follows from (11171) and the derivative compu- 
tation in (1117P that for the change of variables (Ret, Imt) i-> (ti,t 2 ), 

= K 2 H {y) ■ |Imt| + £>(|Imt| 2 ) > C(<?(e ))|Imt|. (118) 

Remark: It is at this point that we need the non-vanishing curvature condition kh ^ to 
ensure that the Jacobian J(t;y,y') is non- vanishing in ( 11181) . 



J(t;y,y') 



<9(ti,t 2 ) 



<9(Ret,Imt) 



We summarize our analysis so far in the following 
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Lemma 9.3. Let a E Q)°C^aL/3 _ Hf o , 6 ) Then for e Q > small enough and h E (0, ho(e )], 
the kernel A^ 1 11 (/i)(y, y'\ a) equals 




(27T/1)- 1 / / expitiy-y'^-^iy-nY-^y'-r^/h a(t(r u r 2 )) x [ ' , T / U X 



„ ( \Ret-y)\ \ . / [Ret-y 



V |imt| y A V l Imt l 



Here, 



xp(T 1 ,T 2 ;y,y'] h!) dr x dr 2 . 
p(n,r 2 ;y,y';h) = J _1 (t(r); b(t(r);y,y'; h) 



\lmt(r)\- 1 b(t(ry,y,y';h)(l + 0(\lmt\), 

and b ~ Y^jLotyh? with 

bo(t(T-);y,y') = (u y , d(y,t(r))) {u y >, d(y' \t(r))) 

and J(t;y,y') is the Jacobian in $1181) . Here, (3i(ti,t 2 ,s) = olx{tx,t 2 ) + 0(\y(s) — T\\) and 
02(n, t 2 , s') = ai {n, t 2 ) + 0{\y{s') - n|) with ft = fa + 0\y - y'\). 

Proof. The lemma follows from Lemma 19.21 after using the Morse lemma to make another 
change of variables T\ \— > T\ + 0(\ti — y\ 2 + |r x — y'\ 2 ). To simplify notation, we continue to 
denote the new coordinate by n. □ 

Since 

lmd T2 [i (y - y')r 2 - ^(y - n) 2 - f3 2 (y' - n) 2 ] = i(y - y'), 
it follows by an integration by parts in r 2 in Lemma 19.31 that for any e > 
NWh^y^a) 

= (2tt/i)- 1 / / exp [i (y - y')r 2 -fay- n) 2 - 2 (y' - n) 2 ]/h a(t(r 1 , r 2 )) 

(119) 

Next, we apply steepest descent to the iterated n Laplace integral 

hM,T*h) := / e-lftH^W-fi/VfrL^y^aWr,,^))^. (120) 



Since, (3± = j3 2 + 0(y — y r ), the critical points of the phase are 

T 1 Ay,y') = ^ + o(\ y -y'\ 2 ). 
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Consequently, by steepest descent, for h sufficiently small, 
h(y,y',T 2 ; h) 

=(27^/ V [My-vT + o(\y-yT)]/h a ( t ( yt T2)) p{y: T2 . y> y . h) 



x (1 + OQy - y'\) + 0(h)) ■ x 2 (^p-) X(h- 1+£ °\y - y'\) 

= (2nhy/ 2 a(Ret(y, r 2 ), lmt(y, r 2 ) p(y, r 2 ; y, y; h) (f + OQy - y'\) + 0{h)) \y -y'\), 

(121) 

since r 2 > e > on suppa. Substitution of (11211) in fll 19j) gives 

Nl\h)(y,y';a) = (2tt/i)- 1/2 / e i( ^' )r2//l e~ [/3l| ^' |2+ ° (l ^' |;i)1//l a(Ret(?/, r 2 ), Imt(?/, r 2 )) 

(122) 

Xp(y, r 2 , y, y; h) (1 + X (^ 1+£ ° \y ~ dr 2 . 

Since e~ x = 1 + 0(x 2 ) 0, it follows by Taylor expansion of the amplitude term 

e -[My-y'\ 2 +o(\y- y '\ 3 )]/h in ([X22|) and integration by parts in r 2 in (1122)) that 

N?(h)(yd;a) = (2nh)- 1 / 2 [ j<*-V)n/h a (R et (y, r 2 ), Imt(y, r 2 )) (l+0(/i)) p(y, r 2 , y, y; h) dr 2 . 

(123) 

9.3.1. Identification of H^ o with a subdomain of B*dQ. We collect here the explicit formulas 
identifying Hf o = q c (H^J with a subset of B*dfl. Specifically, given (Ret, Imt) £ S £oiW , it 
follows from H103[) that for the frequency variable o £ B*dQ, 

a = d s /Im[i#](Ret,Imt;s,s%/ =s (124) 

= -(TanCa), d( a ,y( a ))> + d.y(a) |Imt| 2 + 0(|lmt| 3 ) + - s'| 2 ). 

As for the spatial variable s £ [— 7T, ir], from (11141) . 

y(s) = /(Ret, lint) = Ret(l + £>(|Imt|)). (125) 

Again, from f |124j) it is clear that |er| < 1 when e D > is sufficiently small. 

Definition 9.4. VKe define the glancing symbol relative to H associated with a(Ret, Imt) £ 
C °°(# e c o ) to be a g {s,a) £ C^°(dQ) with 

ag(s, a) := a(Ret(s, a), Imt(s, a)) x p(y(s),r](s, o),y(s), y(s); 0), (126) 

where p is the function given in Lemma \9.3[ 

Then, from ( 1 123ft . by L 2 -boundedness and the fact that \bo(y, Ret(y, rj))\ 2 = 7 2 (y,^) = 
(1 — \r]\ 2 ), we have 

h- l ' 2 Nl\h- a) = Op h (a g ) + 0(h) L ^ L 2. (127) 
Moreover, since (v y , d(y, Ret)) = r y(y(s), <i s y(s) _1 cr) it follows from Lemma [9731 that 

a g(s,o-) = -^=a{Ret(s, a) ,lmt(s, a)) /% 2 (y(s)) \lmt(s, a)^ 1 ^ 2 {y{s), d 8 y{s)~ l a). (128) 
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Thus, from ffl23j) and (TT251) . it follows that a g G C£°(B*dtt) with 



a g ( S ,a)>i>0 (129) 




(Jhr*)- 1 / / e»<-^/* a(t) (1 - x) ( (1 _ 3 ( ) ^ 




when (Ret(s,cr),Imt(s,cr)) G suppa C {<?(£) G if;;; ^ < |Imt| < ^}. 

9.3.2. Analysis of the Nf 2 (h; a)-term. We now estimate the contribution to 
Nf(h)*e~ 2S l h aNf{h) coming from Nf 2 (h; a) where, we recall that 

N 22 (h)(y,y';a) 

N?{hy(y,t) a{t) (1-x) ( |R j^| yl ) (!"X) ( |R |/ m ~/' ) xN c m,y')dt<rt 

(130) 

Imt| J \ |Imt| 

So, in this case we restrict to the range 

|Imt| < min(|Ret - y(s)\, \Ret - y'(s)\) (131) 

in the Taylor expansions ( llOip and ( \102\\ of the phase function, i*f?(t,s,s'). In addition, we 
have the constraint (coming from the definition of N^(h) in (182"j) ) that 

max(|t - y{s)\, \t - y'{s)\) < e Q . (132) 

Then, for Imt > 0, 

ReM(t,s,s') = -\K H (y) 2 (Ret - y(s)) 2 + K H (y') 2 (Ret - y'(s)) 2 } Imt 

(133) 

+0(\Ret - y(s)\ a \lmtf) + 0(\Ret - y'(s)\ a \lmtf) 



where, a + (3 > 4 and (3 > 1. Substituting the constraints in (1131 j) and (I132p in (Til 
implies that 

Re[W}(t,s,s') < -2^|Imt| 3 + C(£ )|Imt| 3 < -C(e )|Imt| 3 , (134) 

with C(e ) > provided e > is sufficiently small. Substitution of the phase bound in 
in the Schwartz kernel formula in ( I130j) gives 



\N 22 (h)(y,y',a)\ 

\lmt\ I V Imt 



< (27T/.)- 1 / / e ^^ h \a(t)\ (1-x) I ' Re f~ y(g)l l (1 - X) ( \ Ret -y'^ \ dtcft 




Seo ,71" 

3 , 



<{2Tih)- 1 / e- c(£o)|Imt| /fe |a(t)|rf^ 
= C(/i- 1 e - c(£o)£ ° / ' 1 ), 

since by assumption supp a C ii? fl {t; ^ < Imt < ^fp}. Consequently, the N 22 (h)-term is 
exponentially decaying in h and is negligible. 
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10. Mixed terms 

In the following we continue to write L 2 := L 2 (dfl). Then, by our proof of Proposition 
18.11 in section [HI there is a decomposition Nf(h)*e- 2S ' h aNf{h) = N^faa) + N 22 (h;a) + 
Nf\h; a) + N{ 2 (h] a), where 

Nl\h; a) = h^Opuiag) + 0(h) L ^ L *, 

\\N* 2 (h;a)\\ L ^ L 2=0(h- l e- c ^/ h ), 

with C(e ) > and 

\\Nl 2 (h;ayNl 2 (h;a)\\ L ^ L2 = \\N\ X {h; a)* N 22 (h; a)\\ L ^ L > = O^V^^). 
The same estimate holds for N 2 (h\ a)*iVP(/i; a). As a result, 

N^(hye- 2S/h aN^(h) = h 1/2 Op h (a g ) + 0{h). (135) 

So, in particular, 

\\e- s / h N^h)\\ L2idn) ^ LHsuppa) = Oih 1 ' 2 ). (136) 
From the "far-diagonal" bound in f[9"5j) 

\\N^(hye- 2S/h aN^h)\\ L 2^ L 2 = 0(e- c{£ ° )/h ). 

Thus, 

\\e- s ' h I$(h)\\v (gah >v (am *) = 0{e- c{ ^' 2h ). (137) 
From (11361) and (I137p it then follows by Cauchy-Schwarz that the mixed terms 

max(\\N^(hye- 2S/h aNf(h)\\ L 2^ L 2, \\N^(hy e - 2S/h aN^(h)\\ L 2^ L 2) = 0( e - c ' i£ ° )/h ) (138) 

with C'(e a ) > 0. So, (TT35|) and fTT38|) imply that for h G (0, h (e o )] with h > sufficiently 
small, 

N c (hy e - 2S/h aN c (h) = h l ' 2 Op h {a g ) + 0{h) L 2^ L 2. 

This finishes the proof of Proposition 18.11 and Proposition 11.21 is an immediate consequence 
in view of (11291 . □ 

11. Analysis near corner points 

We assume now that H C f 2 is a smooth domain with corners. In general, we define a 
smooth domain with corners in W 1 and with M boundary faces (hypersurfaces) to be a set of 
the form {x G M™ : Pj(x) < 0, j = 1, . . . , M}, where the defining functions pj are smooth in a 
neighborhood of Q, and are independent in the following sense: at each p such that Pj{p) = 
for some finite subset j G I p of indices, the differentials dpj are linearly independent for all 
j G I p . A boundary hypersurface Hj is the intersection of Q with one of the hypersurfaces 
{pj = 0}. The boundary faces of codimension k are the components of p^ = ■ ■ ■ = p Jfc = 
for some subset {ji, . . . ,jk} of the indices; each is a manifold with corners. In Theorem 11.21 
it is essential to allow Q to have corners since domains with ergodic billiard flow in R™ have 
corners. The singularities play a very significant role in the dynamics. 

We denote the smooth part of dfl by (dQ)°. Here, and throughout this article, we denote 
by W° the interior of a set W and, when no confusion is possible, we also use it to denote 
the regular set of dVt. Thus, dVt = (dQ)° U S, where S = {j^iWi D Wj) is the singular set. 
When dimf2 = 2, the singular set is a finite set of points and the Wi are smooth curves. In 
higher dimensions, the Wi are smooth hypersurfaces; Wi D Wj is a stratified smooth space of 
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co-dimension one, and in particular E is of measure zero. We denote by the set of unit 
vectors to Q based at points of S. We also define C°°(dQ) to be the restriction of C°°(R n ) 
to dQ. We define the open unit ball bundle B*(dQ)° to be the projection to T*dQ of the 
inward pointing unit vectors to Q along (dQ)°. We leave it undefined at the singular points. 

For concreteness, here we assume n = 2 and write the smooth part of the boundary as a 
disjoint union (dQ)° = Uj=i W°, where the W° are open boundary faces diffeomorphic to 
open intervals of R. We let r$ : (a,-, a,- + 1) — > W°, s !->■ r 3 -(s) denote unit-speed parametriza- 
tions of the boundary faces with do = — 7r, o,m — tt and let 

y : (oj-, Oj+i) -+Hj(ZH, y(s), 

be the parametrization defining the glancing set relative to Hj. Here, the H/s are just 
open sub- arcs of H. For fixed small e a > let 6 QTdQ be a cutoff equal to 1 on 
(o 3 - + e , ctj+i — e ) for some boundary face indexed by j G {1, M} It follows that 

/ / e- 2S ^ h \N c (h)x £ i^ n (t)\ 2 X, a (t)dtd4 (139) 



= (2nh)- 1 ! ! ([ [ j* (t ' s ' s ' )/h x?(s)x?(s')<Ph Q (s)(pf? (s')dsdA dtdt (140) 

The analysis of the last integral on the RHS of (I139p follows exactly as in section [9] and 
one gets that 

/ / e- 2S ^ h N c (h) X £ ^ 9 h n (t) ■ NHh)xl^ d h n (t) X e (t) dtdt = {0 Vh {af) V ^ , ^f) L2 , 

where, suppa^ G C™(B*W?) with J B „ W9 ag(s,a)j(s,a)dsda > 0. Thus, Proposition [H7T1 

follows also in the case where dQ is only piecewise smooth. Theorem 11.21 then follows form 
Theorem 11.11 as outlined in the introduction. □ 
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